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ABSTRACT 

Continuous-t ime models of o s c i l l a t o r  phase  n o i s e  x ( t )  u s u a l l y  have 
s t a t i o n a r y  n t h  d i f f e r e n c e s ,  f o r  some n. The covar iance  s t r u c t u r e  of such a  
model can b e  c h a r a c t e r i z e d  i n  t h e  t ime domain by t h e  s t r u c t u r e  f u n c t i o n :  

Although formulas  f o r  t h e  s p e c i a l  c a s e  D ~ ( ~ ; T , T )  ( t h e  A l l a n  v a r i a n c e  t i m e s  
2 T 2 )  e x i s t  f o r  power-law s p e c t r a l  models,  c e r t a i n  e s t i m a t i o n  problems r e q u i r e  
a more complete knowledge of (0) .  

We e x h i b i t  a much s i m p l e r  f u n c t i o n  of one t ime v a r i a b l e ,  ~ ( t ) ,  from 
which (0 )  can e a s i l y  b e  o b t a i n e d  from t h e  s p e c t r a l  d e n s i t y  by uncomplicated 
i n t e g r a t i o n s .  B e l i e v i n g  t h a t  D ( t )  i s  the  s i m p l e s t  f u n c t i o n  of t ime  t h a t  
ho lds  t h e  same i n f o r m a t i o n  a s  ( O ) ,  w e  c a l l  D ( t )  t h e  fundamental  s t r u c t u r e  
f u n c t i o n .  

We compute D ( t )  f o r  s e v e r a l  power-law s p e c t r a l  models. Two examples a r e  
D ( t )  = K] t 13 f o r  random walk FM, ~ ( t )  = ~t~ l n l  t / f o r  f l i c k e r  FM. Then, t o  
demons t ra te  i t s  u s e ,  w e  e x h i b i t  a BASIC program t h a t  computes means and v a r i -  
ances of two Allan v a r i a n c e  e s t i m a t o r s ,  one of which i n c o r p o r a t e s  a method of 
f requency d r i f t  e s t i m a t i o n  and removal. Except f o r  a one- l ine  f u n c t i o n  d e f i -  
n i t i o n  of D ( t ) ,  t h e  program i s  independent  of t h e  phase  n o i s e  spectrum. The 
o u t p u t s  were used f o r  a s s i g n i n g  conf idence  i n t e r v a l s  t o  t h e  r e s u l t s  of r e c e n t  
hydrogen maser performance t e s t s  a t  JPL.  

i THE STRUCTURE FUNCTION I 
The purpose  of t h i s  p a p e r  is  t o  demons t ra te  an easy  way of computing a 

c l a s s  of time-domain o s c i l l a t o r  s t a b i l i t y  measures known c o l l e c t i v e l y  as the 
s t r u c t u r e  f u n c t i o n .  L e t  t h e  phase  of an  o s c i l l a t o r  w i t h  nominal f requency  vo 
b e  modeled by 

where x ( t )  i s  a random p r o c e s s  r e p r e s e n t i n g  t h e  "phase t i m e "  of  t h e  

*The r e s e a r c h  d e s c r i b e d  i n  t h i s  paper  was c a r r i e d  o u t  by t h e  J e t  P r o p u l s i o n  
L a b o r a t o r y ,  C a l i f o r n i a  I n s t i t u t e  of Technology, under c o n t r a c t  w i t h  t h e  
N a t i o n a l  Aeronau t ics  and Space A d m i n i s t r a t i o n .  
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o s c i l l a t o r .  The most r e s t r i c t e d  v e r s i o n  of t h e  s t r u c t u r e  func t ion ,  d i scussed  
by Lindsey and Chie [I], is  

where AT i s  t h e  backwards d i f f e r e n c e  ope ra to r  def ined  by A T f ( t ) =  f(t)- f ( t - T ) ,  
and E denotes  t h e  mathematical expec ta t ion .  It i s  t o  be understood t h a t  t h e  
n t h  d i f f e r e n c e  process  A: x ( t )  is wide-sense s t a t i o n a r y ,  so t h a t  (1) does n o t  
depend on s. For n = 2 we o b t a i n  t h e  Al lan  variance a s  

A more gene ra l  ve r s ion  of t h e  s t r u c t u r e  func t ion  i s  

which was used by Yaglom [ 2 ]  a s  a  b a s i s  f o r  a  theory of processes  w i t h  
s t a t i o n a r y  n t h  d i f f e r ences .  For t h e  a p p l i c a t i o n  t o  be given a t  t h e  end of 
t h i s  paper,  we shall need t h e  y e t  more gene ra l  ve r s ion  

D ( t ;  a,b) = E Aax(s+t) Abx(s) 
- - 

where 

and l i kewise  f o r  b, A,,. 
- 

By using the t r a n s f e r  func t ion  1 - e -Iwr of t h e  ope ra to r  AT, one can 
express  a l l  of t h e s e  q u a n t i t i e s  as i n t e g r a l s  involving t h e  two-sided spectral 
d e n s i t y  Sx(w) of t h e  process  x ( t ) ,  which is assumed t o  have s t a t i o n a r y  n t h  
d i f f e r e n c e s  f o r  some n. For example, i f  t h e  long-term frequency d r i f t  rate is 
zero,  then 

O3 4 1  dw 
= 16  1 sin (Twr) Sx(m) , 

-00 

(This is (3)  with n = 2 . )  



Secause of the importance of t h e  Allan va r i ance  as a s t a b i l i t y  measure, 
t h e  i n t e g r a l  (4)  has  been eva lua ted  i n  c losed  form f o r  power-law s p e c t r a l  
models 

w i th  a high-frequency cu to f f  when a 2 1 ("PM" no i se s )  [ 3 ] .  The express ions  
(5) and ( 3 )  a r e  more complex, y e t  w e  s h a l l  show how t o  compute any of t h e s e  i n  
two easy s t e p s :  1 )  By means of s imple i n t e g r a t i o n s  involv ing  only t h e  spec- 
t r a l  dens i t y ,  eva lua t e  a s i n g l e  func t ion  D(t)  of one t i m e  v a r i a b l e ;  2) app ly  
a c e r t a i n  d i f f e r e n c e  ope ra to r  of o r d e r  2n t o  D( t ) .  This  func t ion  D ( t ) ,  
depending on ly  on t h e  s p e c t r a l  d e n s i t y ,  w i l l  be c a l l e d  t h e  fundamental s t r u c -  
t u r e  func t ion  because, merely by t ak ing  l i n e a r  combinations of va lues  of D ( t ) ,  
one can gene ra t e  t h e  e n t i r e  covariance s t r u c t u r e  of t h e  d i f f e r e n c e s  of x ( t ) .  

STAT I ONARY PHASE 

I f  x ( t )  i s  s t a t i o n a r y ,  then D(t)  t u r n s  ou t  t o  be j u s t  t h e  autocovariance 
func t ion  : 

Indeed, by expanding t h e  d i f f e r e n c e s  i n  t h e  middle express ion  of (5) ,  one 
can show d i r e c t l y  t h a t  

It i s  j u s t  this form of express ion  t h a t  w i l l  be extended t o  t h e  nons t a t i ona ry  
s i t u a t i o n ,  where S (w) is  no t  i n t e g r a b l e  near  zero frequency. 

X 

THE FUNDAMENTAL STRUCTURE FUNCTION IN GENERAL 

Let  u s  be  given a process  x ( t )  w i t h  s t a t i o n a r y  n t h  d i f f e r e n c e s .  It i s  
known [ 2 ]  t h a t  x has  a s p e c t r a l  d e n s i t y  sx(o) wi th  t h e  p r o p e r t i e s  

f o r  some i n t e g e r  k, 0 k 5 2n. (We ignore  t h e  more gene ra l  case of a spectral 
d i s t r i b u t i o n  f u n c t i o n , )  Here i s  one way t o  compute t h e  fundamental s t r u c t u r e  
func t ion  D ( t )  : Define t h e  func t ion  

(13 

iwz k dw 
~ ( z )  = J e ( i o )  s,(o) lii 

0 



on t h e  upper ha l f -p lane  Tm z > 0. Let  C ( z )  be  any k t h  i n t e g r a l  of B ( z ) ,  i.e., 
any func t ion  such t h a t  c ( ~ ) ( z )  = B(z) on Im z > 0. It w i l l  always be  found 
t h a t  C(z) can be extended t o  t h e  r e a l  l i n e  by con t inu i ty .  Then l e t  

D ( t )  = 2 Re C ( t ) ,  t r e a l  (10) 

I f  k > 0, then D(t) i s  no t  unique; any polynomial of degree < k may be  added 
t o  i t .  If x i s  s t a t i o n a r y  then k = 0, and D ( t )  reduces t o  t h e  covar iance  
func t ion  (6) . 
RANDOM WALK FM 

To see how easy i t  is  t o  c a r r y  out t h e  above procedure f o r  power-law 
n o i s e  types ,  cons ider  t h e  s p e c t r a l  d e n s i t y  S (w) = u - ~ ,  and t a k e  k = 4. Then 

X 

00 

iwz dw 1 ~ ( z ) = l e  - = - -  
0 

2 ~r 2 r i z  

a f o u r t h  i n t e g r a l  of which is 

(One can throw o u t  a polynomial of degree less than  4 . )  Taking I n  z = 
lnlz 1 + i Arg z f o r  Irn z 1 0 g ives  

3 
Adding t / I 2  t o  t h i s  g ives  t he  a l t e r n a t e  form 

OTHER POWER-LAW NOISE TYPES 

W e  now g ive  D(t)  f o r  t h e  power-law spectrum 

The forms f o r  t h e  cons t an t  K, and t h e  power of w l i n k  the  r e s u l t s  t o  an 
accepted n o t a t i o n  f o r  t h e  n o i s e  spectrum, namely 

[31, where y = dx /d t ,  f = w/(2r) ,  and Sy ( f )  is  t h e  one-sided s p e c t r a l  d e n s i t y  
of y. F r a c t i o n a l  va lues  of a a r e  allowed. We can t ake  k t o  be t h e  integer 
p a r t  of 2 - a (refer t o  ( 8 ) ) .  



Case 1. a < 1, not  an odd i n t e g e r .  

T h i s  c a s e  i n c l u d e s  w h i t e  FM ( a  = 0) and random w a l k  FM (a  = - 2 ) .  

Case 2 .  a = -1, -3 ,  - 5 , . . .  

Th i s  c a s e ,  which i n c l u d e s  f l i c k e r  FM ( a  = - I ) ,  i s  a c t u a l l y  t h e  e a s i e s t  of all. 

Case 3. a = 1 ( F l i c k e r  I'M) . 

Here we u s e  t h e  spectrum 

The e x p o n e n t i a l  high-frequency c u t o f f  y i e l d s  t h e  e lementary  r e s u l t  

whereas t h e  u s u a l  r e c t a n g u l a r  c u t o f f  y i e l d s  a c o s i n e  i n t e g r a l .  

Case 4 .  ci > 1. 

T h i s  phase  noise  p r o c e s s  (p rov ided  with a high-frequency c u t o f f )  Is 
s t a t i o n a r y ;  t h u s  D ( t )  i s  j u s t  t h e  a u t o c o v a r i a n c e  f u n c t i o n  of x. 

DERIVING THE STRUCTURE FUNCTION FROM D ( t )  

Having t h e  fundamental  s t r u c t u r e  f u n c t i o n  D ( t )  i n  hand, we now show how 
t o  u s e  i t .  L e t  x(t) b e  a n o i s e  w i t h  s p e c t r a l  d e n s i t y  S,(w), k t h e  smallest 
i n t e g e r  s a t i s f y i n g  (81, and no t h e  s m a l l e s t  i n t e g e r  such t h a t  2n0 2 k. The 
d i f f e r e n c e s  of x of o r d e r  no and h i g h e r  are  s t a t i o n a r y ,  and t o  s i m p l i f y  
m a t t e r s  l e t  u s  assume t h a t  t h e y  are c r g o d i c  and have m e a n  ze ro .  For no = 2 ,  
t h i s  means t h a t  a n  o s c i l l a t o r  w i t h  phase  t ime  x ( t )  has no long-term average  
f requency d r i f t .  Our main r e s u l t  i s  t h e  f o l l o w i n g  formula  f o r  t h e  g e n e r a l  
s t r u c t u r e  f u n c t i o n  (3) of o r d e r  n 1 no: 

The p r o o f ,  which h a s  appeared e l sewhere  [ 4 ] ,  s t a r t s  from the  s p e c t r a l  
i n t e g r a l  



i n  which t h e  d i f f e r e n c e s  o p e r a t e  on eiut a s  a func t ion  o f .  t. (Refer  t o  (5) 
f o r  t h e  ca se  n  = 2 . )  One cannot slmply p u l l  t h e  d i f f e r e n c e  o p e r a t o r s  o u t s i d e  
t h e  i n t e g r a l ,  f o r  t h e  Four ie r  t ransform i n t e g r a l  of Sx(w) d iverges  (un le s s  
k = 0) i f  the s i n g u l a r i t y  a t  w = 0 is  no t  n e u t r a l i z e d .  One way t o  do t h i s  is  
through t h e  func t ion  B(z)  given i n  (9).  Another embodiment of D(t)  is  given 
d i r e c t l y  by t h e  formula 

where n > n - 0 '  

MOMENTS OF STABILITY ESTIMATORS 

The remainder of t h i s  paper p re sen t s  a n o n t r i v i a l  a p p l i c a t i o n  of t h e  
preceding theory. Let  t h e  phase time x( t )  have a  long-term frequency d r i f t  
component : 

where c is  t h e  cons tan t  r a t e  of frequency d r i f t ,  and x o ( t )  i s  a Gaussian 
process  whose 2nd d i f f e r e n c e s  are s t a t i o n a r y ,  e rgodic ,  and have mean zero. 
Observing x ( t )  f o r  0  5 t 5 T, we wish t o  e s t ima te  c and t h e  q u a n t i t i e s  

2 1 
o ( 1  = 7 E [A: x (t) 1 (Gross Allan var iance)  , 

Y 2 r 

2 u (T) = - 
2 

E [AT x o ( t ) l  2 
(Net Allan var iance)  , 

Y 0 2 r 

which a r e  t h e  t h e o r e t i c a l  Allan va r i ances  be fo re  and a f t e r  removal of d r i f t .  

To d e f i n e  and manipulate  t h e  e s t ima to r s ,  i t  is  necessary  t o  set up some 
n o t a t i o n  a s  fol lows:  Write 

(This has noth ing  t o  do wi th  ( l o ) . )  Then EC = c for any a , b , t .  A p a r t i c u l a r  
one of t h e s e  is  used f o r  e s t ima t ing  c ,  namely 



where T, = T16.29, a va lue  chosen t o  minimize t h e  va r i ance  of E i n  t h e  
presence of f l i c k e r  FM n o i s e  [5] .  The i n t e r p r e t a t t o n  of (17) i s  t h a t  t h e  
est imated d r i f t  r a t e  equals  t h e  average frequency near  t h e  end of t h e  record ,  
minus t h e  average frequency nea r  t h e  beginning, d iv ided  by t h e  in te rvening  
t h e  T - r,. 

Let us  in t roduce  t h e  a d d i t i o n a l  q u a n t i t i e s  

where j is an in t ege r .  To e s t ima te  (2 / r2 )  a 2 ( r ) ,  w e  use t h e  unbiased 
s t a t i s t i c  

Y 

where i t  is now assumed that T / r  is  an i n t e g e r  m. This  i s  j u s t  the usua l  
Allan va r i ance  e s t ima to r  i nvo lv ing thesum of squares  of ad j acen t  second 
d i f f e rences .  (The unusual scale f a c t o r  2/r2 is convenient f o r  t h e s e  calcu- 
lat ions . )  To estimate (2/.r2) o G O ( ~ ) ,  we use 

Since 

we have 

Our goal  is  t o  compute the  mean and var iance  of V o ,  a b iased  es t imator .  
F i r s t ,  we see t ha t  Vo does not depend on t h e  t r u e  d r i f t  r a t e  c, and s o  f o r  
this purpose w e  can t ake  c = 0. Then 



2 2 Var V = COv(cj ,ck) 9 2 
(m-1) 

Secause x ( t )  i s  Gaussian, t h e  f o u r t h  moments i n  (25)  a r e  determined from 
t h e  second moments of t ,  c c and t h e  gene ra l  formula j r  T' 

Cov(uv,xy) = Eux Evy + Euy Evx , (2 6) 

where u, v ,  x, y are  zero-mean random v a r i a b l e s  with a j o i n t  Gaussian 
d i s t r i b u t i o n .  I n  t u r n ,  t h e  r equ i r ed  second moments a r e  j u s t  s p e c i a l  c a se s  
of t h e  s t r u c t u r e  func t ion  formula (14) ,  which h e r e  t akes  t h e  form 

A A A A D(t) , E C(a,b,s  + t )  C(c,d,s)  = abed a b -c -d (27) 

where D(t) i s  t h e  fundamental s t r u c t u r e  func t ion  of t h e  phase-time n o i s e  
x ( t ) .  Th i s  express ion ,  when w r i t t e n  o u t ,  is a sum of 1 6  terms involv ing  D. 
(See l i n e  1040 of t h e  B A S I C  program i n  Fig.  1.) 

A BASIC PROGRAM 

The t ed ious  bu t  elementary t a s k  of computing (23)  - (25) by means of 
(26)  and (27)  is c a r r i e d  o u t  by t h e  BASIC program shown i n  Fig. 1. The main 
po in t  t o  observe about  t h i s  program is t h a t  the  whole a lgor i thm is independent 
of the phase n o i s e  spectrum, which e n t e r s  only through t h e  one- l ine  func t ion  
d e f i n i t i o n  of D ( t )  i n  l i n e  1030 (and t h e  p r i n t  s ta tement  130) .  The only 
requirement on Sx(w) i s  that the  i n t e g e r  k i n  (8) be  a t  most 4. This  guaran- 
t e e s  t h a t  x ( t )  has s t a t i o n a r y  second d i f f e r e n c e s .  Because of t h e  way t h e  out- 
p u t s  a r e  s ca l ed ,  a m u l t i p l i c a t i v e  cons t an t  i n  D( t )  can b e  neglec ted ;  thus w e  
can l e t  D(t) = 1 t 1 f o r  random walk FM. For f l i c k e r  FM, Line 1030 becomes 

DEF DD(T) = T*T*LOG(ABS(T) f (T=o)) . 
Line 1040 eva lua t e s  (27) ,  and t h e  subsequent d e f i n i t i o n s  e v a l u a t e  the r equ i r ed  
s p e c i a l  cases .  Note tha t  t h e  l e n g t h  of t h e  test run i s  used as a u n i t  of 
t i m e .  It must be admit ted t h a t  computat ional  e f f i c i e n c y  has been s a c r i f i e d  t o  
ga in  e a s e  of coding. 

Figure 2 shows t h e  ou tput  of t h e  program f o r  random walk FM. The column 
MEAN(NET) g ives  t h e  expected va lue  of ( ~ ~ 1 2 ) ~ ~  r e l a t i v e  t o  the t r u e  n e t  Allan 



v a r i a n c e  C $ ~ ( T ) .  The v a r i a n c e s  of V and Vo,  t h e  e s t i m a t o r s  of gross  and n e t  
A l l a n  v a r i a n c e s ,  are p r e s e n t e d  i n  terms of "degrees  of freedom" (DF), d e f i n e d  
f o r  a p o s i t i v e  random v a r i a b l e  X by 

Jp=w, 
Var X 

a s  i f  X had a X2 d i s t r i b u t i o n .  The DF(GR0SS) r e s u l t  i s  v a l i d  o n l y  i f  t h e  t r u e  
d r i f t  h a s  been s u b t r a c t e d  from t h e  phase  d a t a .  When T / T  = 1, t h e  g r o s s  and 
n e t  DF a r e  b o t h  1, s i n c e  b o t h  V and Vo a r e  s q u a r e s  of mean-zero Gaussians .  

CONFIDENCE INTERVALS FOR ALLAN VARIANCES 

Fol lowing Howe e t  a l .  [ 6 ] ,  we u s e  t h e  r e s u l t s  shown i n  Fig .  2 t o  assign 
conf idence  i n t e r v a l s  based on t h e  X2 d i s t r i b u t i o n ,  u s u a l l y  w i t h  a f r a c t i o n a l  
DF, The au tho r  has n o t  e s t i m a t e d  t h e  e r r o r  caused by p r e t e n d i n g  t h a t  V and Va 
a r e  p r o p o r t i o n a l  t o  X 2  v a r i a b l e s .  Iiandom walk FM was used as a n o i s e  model f o r  
T > 104 s. F ig .  3 shows t h e  e s t i m a t e s  of g r o s s  A l l a n  v a r i a n c e  ( b e f o r e  d r i f t  
removal) and ne t  Al lan  v a r i a n c e  ( a f t e r  d r i f t  removal) f o r  a 72-day test run  of 
a p a i r  of hydrogen masers  a t  JPL. 

D i f f e r e n t  d r i f t  e s t i m a t o r s  a r e  used i n  F i g s .  3a and 3b. In F i g .  3a, we 
u s e  a  v a l u e  of d r i f t  measured by r e t u n i n g  t h e  masers o v e r  a p e r i o d  mu=h l o n g e r  
t h a n  t h e  72-day test run.  Regarding t h i s  v a l u e  as c l o s e  t o  t h e  " t r u e "  v a l u e  
c ,  and u s i n g  i t  i n  (21) i n  p l a c e  of G,  we can u s e  t h e  g r o s s  DF numbers from 
Fig.  2  t o  a s s i g n  c o n f i d e n c e  i n t e r v a l s  t o  - n e t  Allan v a r i a n c e .  I n  F ig .  3b, t h e  
e s t i m a t e d  v a l u e  w a s  used ,  so  t h a t  one must use t h e  net mean and DF numbers 
t o  compute t h e  c o n f i d e n c e  i n t e r v a l s .  The n e g a t i v e  b i a s  of Vo pushes  t h e  con- 
f i d e n c e  i n t e r v a l s  up; i n  f a c t ,  f o r  T / r  = 2 (one sample of second phase  d i f f e r -  
ence) ,  t h e  b i a s  i s  s o  g r e a t  t h a t  t h e  90% c o n f i d e n c e  i n t e r v a l  does  n o t  c o n t a i n  
t h e  e s t i m a t e  i t s e l f .  Th i s  i s  pushing t h i n g s  t o o  f a r ,  pe rhaps .  

The b a s i c  problem is t h a t  one cannot  remove e s t i m a t e d  d r i f t  ( v i a  (21), 
f o r  example) w i t h o u t  a l s o  t a k i n g  a b i t e  o u t  of t h e  long-term random f l u c t u a -  
t i o n s .  The o u t p u t s  o f  t h e  above computer program f o r  ua-2 phase noise 
(-2.5 I a I 0)  s u p p o r t  t h e  c o n j e c t u r e  t h a t  t h e  b i a s  of t h e  n e t  A l l a n  v a r i a n c e  
e s t i m a t o r  Vo i s  a lways  n e g a t i v e .  
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1 0 0  !MOMENTS OF ALLAN VARIANCE ESTIMATORS 
i j . 0  GOSUE 1 0 0 0  
I20  M C - 6 . 2 9  
130 P R I N T  \ 'NOISE TYPE * RANDOM WAL.K FM' 
5.40 PRINT 'MEAN h D . F .  FOR GROSS & NET A . V . ' \ \  

' T /TAU4, 'MEAN(NET) ' , 'n .F . (GROSB) ' , 'D .F . (NET) '  
150 FOR H=2 TO 9 > i 0  TO 18 RY 2 ,20  TO 50 BY S 
5.60 GOSUB SOSO 
1 7 0  DF~2/VARV,DFO=ZfEUO*EVO/VARVO 
1 8 0  PRINT M,EVO ,DF,DFO 
1YO N E X T M  

1 0 0 0  !DEF IN IT IONS 
i O 3 0  DEF DD(T)=AE(S(T*T*T) !FUNDAMENTAL STRUCTURE FUNCTION 

!FOR RANDOM WALK FM 
i 0 4 0  DEF MH(A,F,C,D,T)=(DD(T)-DD(T-A)-DD(T-B)-DD(T+C)-DD(T+D) 

+DD(T-A-B)+DD(T-A+C)+DD(T*-A+D)+DD(t-B+C)+DD(T-B+D)+DD(T+C+D) 
-DD(T-A-B*C)-DD(T-A-E+D)-DD(T-A+C+D)-DD(T-B+C+D) 
+DD(T-A-B+C*D) ) / ( A f B * C * D )  

i050 DEF FF(h,B)xMM(A,I-A,B,i-0,O) 
LO60 DEF GG{A,B,J)*MH(A,i-A,B,B,1-JtB) 
i 0 7 0  DEF' HH(A,J)=MM(h,A,A,A,JtA) 
1073 RETURN 

1 0 8 0  ! COMPUTATION SUBROUTINE 
! INPUTS : M=T/TAIJ, MC=T/TAUC ( 4 . 2 9 )  
!OUTPUTS: EVO/A.U. ,  UAR(V) /A .U .JbZ ,  UAR(VO) /A .V. * tZ !  

EVO VAR V VARUO 
lOYO U=I/M,UC=I/ f lC ! U  STANDS FOR TAU 
11.00 FUU=FF(U,U),FCU=FF(UC,U) ,FCC=FF(IJC,UC) 
i s 1 0  HUO==HH(UIO))HU02=HUO*HU0 !HUO I S  SCALED ALLAN VARIANCE 
ii2Q ! 
1 1 3 0  EVO=HUO-2YFCU*FCC 
1140 Ml=4l-i,X=O\ H=HH(U,J ) ,X=X+(Mi -J ) tH jH  FOR J = i  TO M-2\ 

X ~ 2 t X + M I Y H U O 2 , V A R V = X I t 2 / ~ M l I r M i )  
1 1 5 0  VARCU=FCC*FUU*FCUtFCU, V A R C C E ~ ~ F C C I F C C  
1 1 6 0  X=O\ X=X+GG(UC,U,J)tGG(U,U, J) FOR 512 TO H\ COVVCU=2$X/Hi 
i S 7 Q  X=O\ G=GG(UC,U,J),X=X*G*G FOR J=2 TO H\ COUWCC=2*X/fll 
1 1 8 0  CVCUCC=2*FCCtFCU 
1 E 9 0  ! 
1 2 0 0  VARVO~UARV*4tVARCU+VARCC-41(CQVVCU+2~COVVCC-4*CVCUCC 
12iO RETURN WHERE EVO=EVO/HUO,V4RV=VARV/HUO2,VARVO=VARVO/HUO2 

Figure  1. A BASIC program f o r  computing mean and variance 
of an estimator of ne t  Allan variance. 



NOISE TYPE -:: RANDCIM W4L.K FM 
HEAN d I ) .  F . FQH GRI'ISS 6 NE:T R . V .  

MEAN ( NEK'I' 1 
.11213718 
,411.3i003 
.56608&39 
.65837896 
, 720  0742.17 
.7k,41772& 
. '7970 i89 
.82222714 
. I342U935h 
.871;15838 
.89153524 
.9Q63Y572 
.91772997 
.92:ilnb477!; 
.9423454 
.95254386 
. YS9~9lY 
, Y6497606 
.96903914 
.Y8722'5997 

D . F .  (GROSS)  
i 
5 . .  882353 
2?. .7692308 
3.657i431 
4 . 5 4 5 4 5 4 9  
5.433YE123 
6.3225806 
7.2112b79 
8 .  s.aonoos 
P ,8775517 
11.655173 
13.432836 
1 s .  2ios27 
56.988236 
21.432559 
25.076923 
30.321313 
34.765708 
39.210128 
43.654528 

1J .F ' .  (NET)  
i. 00000li 
i .20i2257 
1.9797428 
2.825.36rJt-3 
3 .692 '7653  
4.577Y951 
5.4662905 
6.3534235 
7.23Y 0!;02? 
Y .  0083684 
I If. 777720 
12.546253. 
114.3s 4574 
Sh . 0 8 4 2 0 9  
20 . S 1 1 7 4 7  
24.94;3548 
29 .37t32315 
33.8i4781; 
3 8 . 2 5 J i 7 P  
4 2 .  h92565 

Figure 2. Output of the  program of Fig. 1 f o r  
random walk FM noise .  



MEASURED DRIFT = t4.580E-15 1 DAY 

R U N  128-38 
/ 

/ ' 
START - 1300, 10-22-81 / ' GROSS 
END - 1745, 1-2-82 / ' NIJ - - - -- - - 
CHAN 3 = DSN2-NR4 /' DRIFT --- 1 

/ 

/ ' 
/ ' GROSS 

/ ' Nm ------- 
/ ' DRIFT --- 1 

0 

10-161 I I / I 1 I 1 
101 lo2 103 lo4 lo5 106 lo7 

TAU (5) 

F i g u r e  3.  Allan variance of a p a i r  of  hydrogen masers 
(DSN2 and NR4) be fo re  and after removal of 
d r i f t ,  w i t h  90% confidence intervals f o r  
net  Allan variance. 
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